We carry out the Hamiltonian analysis of the local vacuum energy sequestering model -a manifestly local and diffeomorphism invariant extension of general relativity which has been shown to remove the radiatively unstable contribution to the vacuum energy generated by matter loops. We find that the degravitation of this UV sensitive quantity is enforced via global relations that are a consequence of the model's peculiar constraint structure. We also show that the model propagates the proper number of degrees of freedom and thus locally reduces to general relativity on-shell.
where the global interaction term σ is outside the integral, µ is a mass scale near the quantum field theory cutoff and Φ corresponds to the matter fields of the Standard Model. To see how the mechanism works we vary the above action with respect to the global variables to obtain d 4 x √ −g = σ ′ /µ 4 and d 4 x √ −gR = 0 which, when plugged into Einstein's equations leads to
where
averaging operator (sometimes dubbed historical averaging) and T µν is the energy-momentum tensor. With this equation, the vacuum energy is seen to drop from Einstein's equations. Indeed if T µν = −V vac g µν + τ µν , where V vac is the vacuum energy and τ µν describes local excitations, then
Note that this cancellation happens independently of the loop order in the perturbative expansion of V vac . The price to pay for this cancellation is a non-local, residual cosmological constant
which is nevertheless radiatively stable. A manifestly local and diffeomorphism invariant formulation of this mechanism was proposed in [11] [12] [13] by upgrading the rigid variables Λ and κ 2 to local fields, and replacing the global interaction with local expressions enforcing the on-shell rigidity of κ 2 (x) and Λ(x). The basic idea consists in using 4-form terms, reminiscent of unimodular gravity models [14] . The resulting action is
with F µνλσ = 4∂ [µ A νλσ] , and analogous expressions hold forF . These two 4-forms introduce gauge symmetries that render Λ and κ 2 constant on-shell. The functions σ andσ are two smooth functions which are in principle completely arbitrary 1 . The field equations
are entirely local. Again, to see how the vacuum energy degravitates in this setup, we trace out the gravitational field equations and average them over all of spacetime, which leads to
Substituting this result into the Einstein equations yields
The additional ∆Λ contribution is completely arbitrary, but radiatively stable once κ 2 is fixed to be M P . Key to this radiative stability is the fact that the 4-form fluxes F , F (defined on the boundary of spacetime) are purely IR quantities that are fixed by some extrinsic process and insensitive to the UV details of the matter sector theory. Let us stress here that neither the original sequestering model nor its local version take graviton loop corrections into account (though a further modification of (5) has been shown to resolve the divergence originating from these graviton loops [15] ).
In this work we aim to perform a Hamiltonian analysis of the local vacuum energy sequestering model (5) , and uncover the constraint structure of the theory. An analysis of the constraint structure was previously given in [16] , however, we further show how the system of constraints sheds new light upon the different global relations that enforce the degravitation of the matter sector vacuum energy. We will also verify that this theory has the same local and global degree of freedom count as Einstein gravity.
The layout of the paper is as follows. After we develop and analyze a toy model exhibiting many of the features of the local vacuum sequestering model in Section II, we perform an ADM split and determine the Hamiltonian of action 5 in Section III. In Section III we also carry out the complete Hamiltonian analysis of the model where we interpret (8) as a peculiar kind of global constraint, and verify that, on-shell, the local sequestering model cannot be distinguished from general relativity. We summarize our results and discuss plans for future work in Section IV .
1 σ andσ are required to be non-linear to ensure that the problem is non-degenerate.
II. TOY MODEL A. Action and Equations of Motion
We begin by studying a 0 + 1 dimensional toy model that mimics most of the relevant aspects of the local sequestering mechanism. Its action is given by
In the context of the gravitational sequestering mechanism, m(t) and λ(t) correspond to the dynamical Planck mass squared and, respectively, the cosmological constant, η(t) and ρ(t) are the analogs of the 3-forms and their values are fixed at the boundary 2 , q(t) encodes the metric degrees of freedom and F (t) is an external force whose value is highly dependent on the effective description of its sources (in other words it is hard to compute analytically). The functions f and g are assumed to be regular, smooth and non-linear in λ and m, respectively, and are the analogs of σ andσ in (5) . The boundary term can be understood as a Gibbons-Hawking-like term necessary for the well-posedness of the variational principle given the presence of second order time derivatives in the action. We will provide a simpler physical description of our toy model momentarily.
The equations of motion are found by varying action (11) . The variation with respect to η and ρ imposes that the λ and m are constants of motioṅ
Variation with respect to λ, m and q yields
−mq −ṁq − 1 2m
Using the constancy of m, the latter equation reduces to
We are now in a position where we can see that our toy model exhibits the sequestering-like behavior. Indeed suppose the force F (t) contains a constant term F div that is formally divergent and that would infinitely backreact on the q degree of freedom:
Eqs. (13) and (14) and using the constancy of λ and m, we get
Multiplying Eq. (16) by q and integrating then yields
which, upon using (17) and (18), reduces to
The first term in equation (20) is the historic average of the source
It is easy to see that F = F div + F and therefore Eq. (16) reduces to
where λ res is a residual constant whose value only depends on the fixed boundary values of ρ and η and which is given by
We thus see that the problematic term F div has completely dropped out of the equation of motion for q having been replaced by a finite residual value. Now that we have found a simpler model exhibiting many of the features of vacuum energy sequestering, let us provide a physical interpretation. Consider the one dimensional problem of a charged point particle of mass m and charge e moving in a uniform electric field. We call z the spatial dimension. Suppose the uniform field is created by two superposed conducting planes situated at z = 0 and extending indefinitely in the orthogonal x and y dimensions, each having a uniform surface charge density. Suppose further that one of the conducting planes is made of a material that is perfectly characterized (and thus has an exactly known surface charge density) while the other has characteristics that are extremely sensitive to its microscopic details. The action for this model can be written as
where λ and F represent the electrostatic forces sourced by the perfectly, and respectively imperfectly, characterized materials. The lack of information about F can, for example, be the result of taking the infinitely thin limit of a finite thickness material with a wildly nonuniform charge density 3 . If we were to cut a thin slice into our conducting slab we could measure its effective surface charge density, however, an analytic prediction of the value of F would depend on the microscopic details of this cutoff and a calculation would lead to an unphysical divergence.
To separate out and account for the divergence, we modify the action (23) by upgrading the known charge density λ and mass of the particle m to the status of dynamical variables. We then ensure the newly promoted variables λ and m are constants of motion by adding "gauge-fixing" terms η and ρ. The modification we describe is equivalent to our toy model (11) . A Lagrangian analysis would lead us to a global condition on λ and m analogous to the one in (20) . This acts like a constraint on the bare quantities m and λ, and therefore leads to the renormalization of the mass and charge of the particle. We also point out that residual (renormalized) values λ and m are not determined via global conditions such as (20) , but rather they are measured quantities. We will come back to this point in the next subsection.
On shell our toy model describes a particle moving in a one-dimensional renormalized linear potential. We will now proceed to do a Hamiltonian analysis of this model in order to exactly determine its physical degree of freedom count and obtain further insight into the nature of the global condition (20) .
B. Hamiltonian and Hamilton's Equations
Here we reexamine our toy model from a Hamiltonian point of view and discuss its peculiar constraint structure. We first point out that our Lagrangian (11) may be written as
(24) The canonical momenta are then given by
We immediately notice that these equations do not allow us to solve for all the velocities in terms of the canonical momenta, which means we are in the presence of a constrained system. Indeed, onlyṁ andq can be solved for:ṁ
We therefore follow the usual Dirac procedure [17, 18] for dealing with constrained Hamiltonian systems by treating the remaining velocities as Lagrange multipliers ℓ η , ℓ ρ and ℓ λ . The Hamiltonian for our toy model then reads
and Hamilton's equations follow immediatelẏ
Naturally, combining Eqs. (28) leads to the EulerLagrange equations (12)- (16) . However since this is a constrained Hamiltonian system not all of these equations are independent. To count the number of physical degrees of freedom of our system and interpret the global condition (20), we must determine its exact constraint structure in a systematic manner. We perform this analysis in the next subsection.
C. Constraint structure
For convenience, we divide our Hamiltonian (27) into a canonical contribution and a term which depends on constraints:
and i runs over the set {λ, η, ρ}. Each of the constraints ϕ i is primary, i.e., it appears explicitly in the Hamiltonian. Let us then check to see whether any of our constraints give rise to secondary constraints i.e., whether their conservation during time evolution further restricts the dimension of phase space 4 . Defining the Poisson bracket of two functions F , G of the canonical variables
the conservation of ϕ λ leads tȯ
where the weak equality symbol ≈ denotes equality up to a linear combination of the constraints. Similarly, conservation of ϕ η and ϕ ρ lead tȯ
respectively. This shows that only ϕ ρ gives rise to a secondary constraint
since (33) and (34) seemingly determine the Lagrange multipliers ℓ λ and ℓ η in terms of the canonical variables (but we will come back to this point below). Notice that Eqs. (34) and (36) in conjunction with the first two equations in (28) immediately imply thatλ =ṁ = 0. We now have to check whether χ gives rise to a tertiary constraint. It turns out it does not sincė
and this relation determines ℓ ρ in terms of the canonical variables. Altogether we have three primary constraints ϕ λ , ϕ η , ϕ ρ and one secondary constraint χ. Note that all of these constraints are second class 5 . This is however not the whole story. Despite the fact that Eqs. (33) and (37) are not constraints per se, they do not determine the Lagrange multipliers ℓ η and ℓ ρ completely. Indeed, since the functions η and ρ are given fixed values at the boundary, dtℓ η = η(T ) − η(0) and dtℓ ρ = ρ(T ) − ρ(0) are already predetermined. Therefore, keeping in mind that λ and m are constants of motion, integrating Eqs. (33) and (37) yields
Recall that a constraint is said to be first class if its Poisson brackets with all of the other constraints vanish weakly. It is said to be second class if it is not first class.
These two truly global conditions can be regarded as constraining the conserved quantities λ and m teleologically 6 , in the sense that a phase space trajectory that doesn't saturate them is forbidden post-factum. In the following we will call such global consistency conditions teleological constraints since they do reduce the dimension of phase space by relating different conserved quantities to each other, albeit not in the usual way (wherein constraints reduce the number of initial conditions one can independently set). Although these teleological constraints do not set the values of λ or m they may be understood as enforcing a renormalization condition as in Eq. (22) We are now in a position to count the physical degrees of freedom of our system. Naively, we have twelve phase space degrees of freedom for this system, coming from the following canonical pairs of phase space coordinates: (q, p), (m, π m ), (η, π η ), (ρ, π ρ ) and (λ, π λ ). As we have seen above, there are however a certain number of constraints that reduce the dimension of phase space. The true number of physical degrees of freedom N phys is usually given by
where N T denotes the total naive number of phase space degrees of freedom, N SC the number of second class constraints, and N F C the number of first class constraints. For our toy model we have N T = 10, N SC = 4, and N F C = 0. Therefore,
In summary, we are left with six propagating degrees of freedom: two coming from the particle motion (corresponding to the canonical pair (q, p)), one for each of the bare λ and m, as well as two more corresponding to the functions η and ρ. However λ and m are constants of motion on-shell and, moreover, the teleological constraints (38) and (39) completely restrict their possible values. As for η and ρ, their values are fixed at the boundary from the get go so they do not have any dynamics. We are therefore left with only two degrees of freedom corresponding to the motion of a massive particle in a renormalized linear potential. Now that we have worked out the Hamiltonian structure of this simple toy model of the vacuum energy sequestering mechanism, let us move on and extend this analysis to the gravitional action (5).
III. HAMILTONIAN ANALYSIS OF LOCAL VACUUM ENERGY SEQUESTERING
To do the Hamiltonian analysis of the sequestering model (5), we proceed in the usual way by performing an ADM split of spacetime, constructing the total Hamiltonian and studying its constraint structure. Since we have promoted κ 2 to a field κ 2 (x), the sequestering action shares similarities with Brans-Dicke theories of gravity, and therefore we may perform an analysis analogous to, e.g., [19] . Notice that our analysis proceeds from a slightly different starting point then the one in [16] but leads to equivalent results.
The ADM split is as follows. The four dimensional spacetime manifold M is foliated by spacelike hypersurfaces Σ t which define the time coordinate t and are endowed with spatial coordinates y i , allowing us to determine the canonical momenta. Recall that [20] 
where h ij is the three metric living on the constant timeslices Σ t , K ij is its associated extrinsic curvature, D i the covariant derivative with respect to h ij 7 and N , N i are the lapse and shift, respectively. The latter are related to the time flow vector t a by t a = N n a + N a , where n a is a normalized timelike vector normal to Σ t . Note that we will follow the usual custom of raising and lowering indices from the middle of the alphabet with the threemetric h ij .
For concreteness we will restrict the matter sector to be a massive scalar field and thus we take
We can now recast action (5) in a form that is more conducive to a Hamiltonian analysis i.e.
7 When acting on a weight w even tensor density t ijk... , the covariant derivative
Here and henceforth a dotted quantity refers to the directional derivative with respect to the ADM time. We have also suppressed a Gibbons-Hawking-like term which is technically required in order to have a well-defined variational principle at the boundary of spacetime. In the above expressions, Λ and κ are local scalar fields, τ µ and τ µ are vector densities related to the 3-forms A andÂ by τ µ = 4ǫ µνρσ A νρσ andτ µ = 4ǫ µνρσÂ νρσ . We can now see that the spatial metric conjugate momentum is
where the functional derivative is generically defined for any functional F (f ) by the relation
Similarly we would get
Notice that while we cannot solve these equations for all the velocities in terms of the canonical momenta, we do however obtain expressions forḣ ij ,κ 2 andφ viz.
where we have introduced the so-called super-metric
We can now define the Hamiltonian density by analogy with our toy model Hamiltonian (28) by treating every unsolved for velocity as a Lagrange multiplier:
Substituting the Lagrangian densities (46)- (49) and the velocities (55)- (57) into the Hamiltonian density (59), and performing an integration by parts, we are led to
Here we have introduced the super-Hamiltonian H 0 and super-momentum H i ,
and
Note that Hamilton's equations resulting from the above Hamiltonian density, are consistent with the definition of the Lagrange multipliers viz.,
and ℓτi =τ i . Lastly, we will assume the boundary term in our total Hamiltonian density (60), explicitly given by
can be absorbed via a relevant Gibbons-Hawking-like boundary term and will therefore disregard it from now on.
With these definitions at hand, we can now proceed to determine the constraint structure of the theory.
A. Constraint Structure
We begin by integrating out ℓ N , ℓ N i , ℓ τ i and ℓτi to obtain the reduced Hamiltonian
In this new set-up, N, N i , τ i andτ i are mere Lagrange multipliers 8 . We will take the reduced Hamiltonian (65) to be the starting point of our constraint analysis.
It is easy to see that we have nine independent primary constraints. The first seven are
The relationships C i ≈Ĉ i ≈ 0 naively seem to give six additional primary constraints, however, only two of them are independent because of identities such as ∂ i C j = ∂ j C i , and ∂ iĈj = ∂ jĈi . Notice that these last two constraints are equivalent to ∂ i Λ ≈ ∂ i κ 2 ≈ 0 and thus reduce Λ and κ 2 to the status of global dynamical variables, i.e., independent of the spatial coordinates.
We now check whether these primary constraints give rise to secondary constraints. Doing this involves calculating the Poisson brackets of the primary constraints with the Hamiltonian H ≡ d 3 y H. We do so by defining the Poisson bracket of two arbitrary functions of phase space A and B as
where the functional derivative has been defined in Eq. (51). The requirement thatĈ i be conserved during time evolution i.e.Ċ
where χ is defined in Eq. (58), leads to the secondary constraint
This turns out to be the only secondary constraint of the model. Note that (69) and ∂ i κ 2 ≈ 0 forcesκ 2 ≈ 0
8 The fundamental reason we are able to do this reduction is that 
The chain of constraints stops here since the Poisson bracket of the above constraints with the reduced Hamiltonian either is zero on the constraint surface or determines Lagrange multipliers in terms of dynamical variables.
Just like in our toy model, however, not all relationships between dynamical variables and Lagrange multipliers arising from the evolution of the constraints determine the Lagrange multipliers completely. For example, π Λ = {π Λ , H} ≈ 0 gives
where we have used (69) to simplify the expressions. (70) and (71) are not constraints per se, since they could in principle be used to solve for the Lagrange multipliers ℓ τ 0 and ℓτ0. However since ℓ τ 0 =τ 0 and ℓτ0 =τ 0 , and the functions τ 0 , τ i andτ 0 ,τ i are given fixed values at the boundary, dtd 3 y ∂ i τ i + ℓ τ 0 and dtd 3 y ∂ iτ i + ℓτ0 are already predetermined. Therefore, the integrated forms of (70) and (71) will lead to two new teleological constraints. Indeed using H 0 ≈ H i ≈ 0, the constancy of Λ and κ 2 , and integrating over spacetime we arrive at
are related to the matter energy density and pressure as measured by a stationary observer. Note that Eqs. (72) and (73) only depend on gauge invariant global quantities and thus can really be considered as restricting the allowed trajectories of the system in phase space.
It is easy to see that by combining (72) and (73) we also recover the global relation (8)
B. Counting Degrees of Freedom
Having worked out the system of constraints, let us now count the number of Hamiltonian degrees of freedom. Naively, the phase space degrees of freedom for our reduced system are: (i) 12 degrees of freedom coming from (h ij , π ij ), (ii) 2 from the matter sector (φ, π φ ), (iii) 4 from the sector of fundamental constants, (κ 2 , π κ 2 ) and (Λ, π Λ ), and (iv) the vector density sector degrees of freedom, specifically 2 from (τ 0 , π τ 0 ), as well as an additional 2 from their hatted counterparts.
Altogether this would correspond to 11 (local) canonical pairs, or a phase space dimension of 22. However many of these degrees of freedom are auxiliary fields whose dynamics are completely set by the constraint equations computed in the previous section. More precisely, the primary constraints
and secondary constraint
each eliminate one degree of freedom i.e. 8. Recall however that the primary constraints
only eliminate 2 degrees of freedom and moreover incompletely: they leave 2 global dynamical variables unconstrained. However, our model possesses three gauge symmetries: the familiar diffeomorphism invariance, as well as the two A → A + dB,Â →Â + dB invariances of the form sector. Therefore a subset of the above constraints must be first class. To see this we first shift the constraints H 0 , C i and C i in the following way 9 :
9 We may determine the appropriate shifts by following the method outlined by Henneaux and Teitelboim in [17] , and exemplified in [16] . This involves solving for the Lagrange multipliers ℓ τ 0 and ℓτ0 using our expressions forπ Λ (70) andχ (71), and substituting back into the reduced Hamiltonian (65).
It is then straightforward, albeit tedious, to check that are constants on-shell and their values are set by the two global teleological constraints (72) and (73) (as long as the boundary terms are non-zero). This reduces the final number of physical degrees of freedom to N phys = 6. In summary, we have six local propagating degrees of freedom, four coming from the gravitational field and two from the matter sector of a single real scalar field. This confirms that our theory propagates the same number of degrees of freedom as general relativity on-shell. However it enjoys the additional property that the Planck mass and cosmological constant obey the teleological constraint (76) which enforces the degravitation of the vacuum energy loops. This may be a sign of the self-tuning properties of the theory [22] .
IV. CONCLUSION
In this article we provided a Hamiltonian analysis of a manifestly local and diffeomorphism invariant modification to general relativity which, under minimal assumptions, has been shown to remove the radiatively unstable contribution to the cosmological constant due to the vacuum energy generated by matter loops [8] [9] [10] [11] [12] [13] . To illustrate the mechanism of vacuum energy sequestering, we developed a toy model with most of the relevant features, and demonstrated that the removal of unphysical divergences in the vacuum energy emerges as a global condition as a consequence of what we termed teleological constraints. We proceeded with the Hamiltonian analysis of the gravitational model and revealed that, unseen in the Lagrangian based analysis, the Hamiltonian constraints conspire to degravitate the matter sector vacuum energy. Our analysis also confirmed that the proposed model of vacuum energy sequestering is indistinguishable from general relativity on-shell. Note in particular that the evolution problem is well-posed in the gravitational sector despite the global nature of the residual cosmological constant.
10 Specifically, the constraint algebra for our model is similar to that of general relativity, as presented in [21] , e.g., {H ′ 0 (y), H i (y ′ )} = ∂ i (H ′ 0 (y)δ(y −y ′ )) ≈ 0. Meanwhile, χ has weakly vanishing Poisson brackets with (80)-(82), e.g., {χ(y), H i (y ′ )} = ∂ i (χ(y)δ(y − y ′ )) ≈ 0, but not with ϕτ0 , and it is therefore second class.
The cancellation of the vacuum energy in the sequestering mechanism is enforced by two approximate symmetries of the theory [9] : (i) a shift symmetry L m → L m + ν 4 , Λ → Λ − ν 4 , where ν is a constant, and (ii) a scaling symmetry of κ 2 . While these two symmetries cancel the unphysical divergence coming from the matter sector loops, the fact that the scaling symmetry is broken at finite Planck mass M P implies that divergences arising from the graviton sector loops will not be cancelled in the sequestering theory described by (5) . To deal with the graviton loops, it was proposed in [15] to modify the action (5) by adding a Gauss-Bonnet contribution R GB = R 2 − 4R 2 µν + R 2 µνρσ , which only alters the topological sector in four dimensional spacetime, leaving local phenomena unaffected. Then, by introducing a Gauss-Bonnet coupling θ and upgrading it to an auxiliary field θ(x), it was shown that this improved model can sequester all large contributions from graviton loops sourced by the Einstein equations. We believe it would be interesting to provide a Hamiltonian analysis of this modified sequestering model, and leave this to future work.
Having performed a Hamiltonian analysis of the sequestering model, it is also natural to try to quantize the theory. This may be accomplished by either following the canonical approach [21] where Poisson brackets are upgraded to Dirac brackets, or using a Hamiltonian path integral analysis, as has been performed in [16] . Following the path integral techniques developed in [16] , it would be interesting to study how the sequestering model differs from general relativity on a quantum level, and see if this can shed light on the problem of time in quantum gravity, as attempted in models of unimodular gravity [23, 24] . We leave these questions for future study.
